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In this note we introduce a new class of Hardy–Rellich type inequalities and explicitly
obtain their corresponding sharp constants. Our approach suggests definitions of new
Sobolev spaces and embedding results.
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0. Introduction
Hardy’s inequality in RN reads(
N − 2
2
)2 ∫
RN
|u|2
|x|2 dx ≤
∫
RN
|∇u|2 dx
for all u ∈ C∞0 (RN) and N ≥ 3. On the other hand, the classical Rellich’s inequality states that(
N(N − 4)
4
)2 ∫
RN
|u|2
|x|4 dx ≤
∫
RN
|∆u|2 dx (0.1)
for all u ∈ C∞0 (RN) and N ≥ 5.
Both inequalities are valid when RN is replaced by an arbitrary domain Ω ⊂ RN and the corresponding constants are
known to be optimal. Moreover, in case Ω ⊂ RN is a bounded domain, a much stronger version of Hardy inequality was
obtained by Brézis andVázquez in [1]. And,more recently, Tertikas and Zographopoulos [3] obtained corresponding stronger
versions of Rellich’s inequality as well as of the similar Rellich type inequality(
N
2
)2 ∫
RN
|∇u|2
|x|2 dx ≤
∫
RN
|∆u|2 dx ∀ u ∈ C∞0 (RN),N ≥ 3, (0.2)
when RN is replaced by a bounded domainΩ ⊂ RN .
As mentioned by the authors in [3], they could not find any trace in the literature of inequality (0.2), which we may
as well call a Hardy–Rellich type inequality since it relates first and second derivatives of smooth functions (while Hardy
inequality relates functions and their first derivatives).1
Our goal in this note is to introduce a new class of Hardy–Rellich type inequalities which contain (0.2) as a special case.
Moreover, we explicitly determine the corresponding optimal constants for these Hardy–Rellich inequalities. Our approach
is based on ideas we used in [2]. It is rather elementary and suggests definitions of new Sobolev type spaces and embedding
results.
E-mail address: costa@unlv.nevada.edu.
1 In [3] the authors call both (0.1) and (0.2) Rellich inequalities.
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1. Main results
From now on, unless stated otherwise, all integrals are taken over RN .
Theorem 1.1. For all a, b ∈ R and u ∈ C∞0 (RN \ {0}) one has[
(N − 2− γ )
∫ |∇u|2
|x|γ dx+ 2γ
∫
(x · ∇u)2
|x|γ+2 dx
]2
≤ 4
(∫ |∆u|2
|x|2b dx
)(∫ |∇u|2
|x|2a dx
)
(1.1)
where γ = a+ b+ 1. In addition, if γ ≤ N − 2 (i.e. a+ b+ 3 ≤ N), then
Ĉ
∫ |∇u|2
|x|a+b+1 dx ≤
(∫ |∆u|2
|x|2b dx
)1/2 (∫ |∇u|2
|x|2a dx
)1/2
, (1.2)
where the constant Ĉ = Ĉ(a, b) := |N+a+b−12 | is sharp.
Proof. Let u ∈ C∞0 (RN \ {0}) and a, b ∈ R be arbitrary. Then∫ ∣∣∣∣ ∇u|x|a + t x|x|b+1∆u
∣∣∣∣2 dx ≥ 0 (1.3)
for all t ∈ R. In other words,∫ |∇u|2
|x|2a dx+ t
2
∫ |∆u|2
|x|2b dx+ 2t
∫
∆u
|x|a+b+1 (x · ∇u) dx ≥ 0 (1.4)
for all t ∈ R. If we denote the last integral by B and write it as
B =
∫
(div(∇u))
(
x
|x|γ · ∇u
)
dx,
where γ = a+ b+ 1, an integration by parts gives
B = −1
2
∫
x
|x|γ · ∇(|∇u|
2) dx−
∫ |∇u|2
|x|γ dx+ γ
∫
(x · ∇u)2
|x|γ+2 .
A second integration by parts on the first integral above yields
−1
2
∫
x
|x|γ · ∇(|∇u|
2) dx = N − γ
2
∫ |∇u|2
|x|γ ,
so that B becomes
B =
(
N − 2− γ
2
)∫ |∇u|2
|x|γ dx+ γ
∫
(x · ∇u)2
|x|γ+2 dx
and (1.4) reads
A t2 + 2B t + C ≥ 0, ∀ t ≥ 0 (1.5)
where B is given above and
A =
∫ |∆u|2
|x|2b dx, C =
∫ |∇u|2
|x|2a dx.
Therefore, since (1.5) is equivalent to B2 − AC ≤ 0, we obtain[
N − 2− γ
2
∫ |∇u|2
|x|γ dx+ γ
∫
(x · ∇u)2
|x|γ+2 dx
]2
≤
(∫ |∆u|2
|x|2b dx
)(∫ |∇u|2
|x|2a dx
)
, (1.6)
which shows that inequality (1.1) holds true.
Now, let us denote the left-hand side above by [L] and observe that the first and second integrals in [L] coincide
when u(x) = u(|x|) is a radial function. Therefore, we have
[L] =
[
N − 2+ γ
2
∫ |∇u|2
|x|γ dx
]2
, if u = u(|x|).
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On the other hand, since 0 ≤ (x · ∇u)2/|x|γ+2 ≤ |∇u|2/|x|γ , it follows from (1.6), for arbitrary u ∈ C∞0 (RN \ {0}), that
[L] ≤
[
N − 2+ γ
2
∫ |∇u|2
|x|γ dx
]2
whenever γ ≤ N−2. Therefore, when γ ≤ N−2, i.e., when a+b+3 ≤ N , the Hardy–Rellich type inequality (1.1) reduces
to (1.2), where Ĉ = Ĉ(a, b) := |N+a+b−12 |. Our approach clearly yields Ĉ as the optimal constant. The proof is complete. 
Remark 1.2. When a+ b+ 3 ≤ N , it follows from the proof of Theorem 1.1 that whenever the optimal constant Ĉ(a, b) =
|N + a+ b− 1|/2 is achieved, it is achieved by a radial function. We do not know when Ĉ(a, b) is attained.
Remark 1.3. Let us denote byD1,2γ (R
N),D2,2γ (R
N) andH2α,β(R
N) the completions ofC∞0 (RN\{0})with respect to theweighted
Sobolev norms2
‖u‖D1,2γ :=
(∫ |∇u|2
|x|2γ dx
)1/2
, ‖u‖D2,2γ :=
(∫ |∆u|2
|x|2γ dx
)1/2
and
‖u‖H2α,β :=
(∫ [ |∇u|2
|x|2α +
|∆u|2
|x|2β
]
dx
)1/2
,
respectively (When γ = 0 we simply write D1,20 (RN) = D1,2(RN), D2,20 (RN) = D2,2(RN)). Then (1.2) implies that,
for a+ b− 1 6= −N ,3 we have the continuous embedding
H2a,b(R
N) ⊂ D1,2(a+b+1)/2(RN). (1.7)
In addition, since the right-hand side above is symmetric with respect to the parameters a, b, we also have the continuous
embedding
H2b,a(R
N) ⊂ D1,2(a+b+1)/2(RN). (1.8)
Next, as a consequence of Theorem 1.1, we obtain the following result, where (i) is the Hardy–Rellich inequality that we
stated in (0.2) and (ii) is a generalization of it.
Corollary 1.4. (i) If N ≥ 4 then D2,2(RN) ⊂ D1,21 (RN) and(
N
2
)2 ∫ |∇u|2
|x|2 dx ≤
∫
|∆u|2 dx ∀u ∈ D2,2(RN),
where the constant (N2 )
2 is sharp;
(ii) If b ≤ N2 − 2, b 6= −N2 , then D2,2b (RN) ⊂ D1,2b+1(RN) and(
N + 2b
2
)2 ∫ |∇u|2
|x|2(b+1) dx ≤
∫ |∆u|2
|x|2b dx ∀u ∈ D
2,2
b (R
N),
where the constant (N+2b2 )
2 is sharp.
Proof. (ii) We assume a+ b+ 3 ≤ N and let a = b+ 1, b 6= −N2 in (1.2); (i) Simply let b = 0 in (ii). 
Remark. We note that, for N ≥ 3, the completions of both C∞0 (RN \ {0}) and C∞0 (RN) in the norm ‖ · ‖D1,21 do coincide (Also,
compare Corollary 1.4 with Theorem 1.7 in [3] where a different proof is given for u ∈ C∞0 (Ω) with Ω ⊂ RN a bounded
domain).
Next, we present additional consequences of Theorem 1.1.
Corollary 1.5. (i) Let a ≤ N2 − 2. Then, for any u ∈ H2a,a+1(RN), one has∣∣∣∣N + 2a2
∣∣∣∣ ∫ |∇u|2|x|2(a+1) dx ≤
(∫ |∇u|2
|x|2a dx
)1/2 (∫ |∆u|2
|x|2(a+1) dx
)1/2
,
2 Note that, when α, β, γ < N2 , these spaces can also be obtained by completion of C
∞
0 (R
N ).
3 Note that the left-hand side of (1.2) vanishes when Cˆ = Cˆ(a, b) = 0, that is a+ b− 1 = −N .
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where the constant |N + 2a|/2 is optimal. In particular, if a 6= −N2 , we obtain the continuous embedding H2a,a+1(RN) ⊂
D1,2a+1(RN);
(ii) If u ∈ H2−(b+1),b(RN) and N ≥ 3 then u ∈ D1,2(RN) and∣∣∣∣N − 22
∣∣∣∣ ∫ |∇u|2 dx ≤ (∫ |x|2(b+1)|∇u|2 dx)1/2 (∫ |∆u|2|x|2b dx
)1/2
;
(iii) If u ∈ H20,1(RN) then u ∈ D1,21 (RN) and(
N
2
)∫ |∇u|2
|x|2 dx ≤
(∫
|∇u|2 dx
)1/2 (∫ |∆u|2
|x|2 dx
)1/2
;
(iv) If u ∈ H2−1,1(RN) and N ≥ 2 then u ∈ D1,21/2(RN) and∣∣∣∣N − 12
∣∣∣∣ ∫ |∇u|2|x| dx ≤
(∫
|x|2|∇u|2 dx
)1/2 (∫ |∆u|2
|x|2 dx
)1/2
;
(v) If u ∈ H20,0(RN) and N ≥ 2 then u ∈ D1,21/2(RN) and∣∣∣∣N − 12
∣∣∣∣ ∫ |∇u|2|x| dx ≤
(∫
|∇u|2 dx
)1/2 (∫
|∆u|2 dx
)1/2
.
Proof. Assuming a+ b+ 3 ≤ N , we make special choices of a, b in (1.2) as follows: (i) Let b = a+ 1; (ii) Let a = −(b+ 1);
(iii) Let a = 0, b = 1; (iv) Let a = −1, b = 1; (v) Let a = 0, b = 0. 
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